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Personal Information

= My name’s Yongli Peng, the TA for the class Mathematical Analysis (iii) to
students in EECS, the instructor is Yuguang Shi (ygshi@math.pku.edu.cn).

m The classroom is at Building No.2, Room 317. The class time is on even Tuesday
18:40-20:30.

= I'm now a lst-year graduate student in the school of Mathematical Science, PKU,
majoring in the probability.

= My email is yonglipeng@pku.edu.cn. If you have any problem (problem about the
homework, the exam and the class), you're welcome to send me a email (I highly
recommend you contact me in this way since I'll check my e-mail every day).

m We will have a wechat group, where I'll send today's slides or notes, remember to
download them before they become outdated.

= You'd better not ask me questions in the wechat group because | may not
check the notifications frequently. But you can discuss problems with others in
the group.
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Schedule

Review: Basic concepts

Homework

Exercise
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Review: Basic concepts
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Review: Basic concepts

Review

m The concept of convergence, absolutely convergence, conditional convergence

u Whether we can commute the order of summation?
the positive series can, the absolutely convergence can, but conditional
oo 1
convergence cannot (exa. Y 02, (—=1)"-).
m Cauchy’s convergence test.
u Corollary: If Z" an is convergent, then we have lim, o0 an =0

= Some test methods (only for positive series): comparison test, D'Alembert’s ratio
test, Cauchy test, Raabe’s test, the integral test for convergence

m The concept of the order:
1
l1<logn<n®*<n<nlogn<ne <e"<nl(0<ek1)
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Homework

Homework
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Homework

Homework

m HW for the last time: None.

= Today’'s HW (to be handed in): Exercise 9. 1. (1), (3), (5), (7); 2. (4) (6) (9)
(17); 3,6, 7. (1) (2); 8.
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Exercise

Exercise
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Exercise

2. (6) Decide the convergence property

Questionl: 2. (6), Exer. 9

nn
Determine whether the positive series Z,T:‘xf [%] converge?

Calculate limp— oo [W] . Take logarithm and use Taylor's expansion:

In(1+ %) = % = G +o(), we get

1 1 1 1
Pinl+=-)—n=n—=-401)—n=—=+0(1) = —=,
n 2 2 2

n n
limp— oo [%] = —% # 0. The series cannot converge. O
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Exercise

2. (13) Decide the convergence property

Question2: 2. (13), Exer. 9
1

Determine whether the positive series Z,LOS nP ( — — %) converge?

1 1 _ n—n=1 _ 1 N _3
Just calculate the order: s Sy Ty e oyl O/ Y e § s WY/ n- 2.
3
So nP( "1_1 — ﬁ) ~ nP~ 2, the series converge when p < % and diverge
otherwise. O
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Exercise

2. (16) Decide the convergence property

Question3: 2. (16), Exer. 9

Determine whether the positive series >7°% m converge?

Take logarithm and we get: = —(Inln n)2. Consider the limit

2 2
limp— oo (lnll::) = limyx_s 00 (ln:) =0 (L'Hospital’s rule).

Then Vp > 0, IN > 0, such that (Inlnn)2 < plInn is true for Yn > N, which means
In m = —(Inlnn)?2 > —plnn=1n # for Vn > N.
So the series diverge.

1
In (In n)ln(ln n)
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Exercise

(18) Decide the convergence property

Question4: 2. (18), Exer. 9

1— 1
Determine whether the positive series Z+°° %(a > 0) converge?

Use the Taylor's expansion for sinx: sinx = x — #;x> + o(x*), so

1 _ 1 11 1 1 11 1
sins =< — 575 +o(z) and 1 —nsin = 51-5 4+ o(53)-
1— nsinl

nalJrz, so the series converge for o > 0. Actually it converges for o > —1
and dlverges for a < —1 O
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Exercise

5. Proof

Questionb5: 5, Exer. 9

If the function f(x) is defined on [—1,1] and A0) = 0 with #/(0) existing, then the
series 319 f(%) converges if and only if £(0) = 0.

Proof.

First we have lim;_ f(%) = f{0) = 0 (f is continuous).

Then use the Taylor's expansion: f'(%) = F(O)% + %1"’(0)%2 + o(n%),

so Ve > 0, 3N > 0 such that f(%) < F(O)% + %)"'(0),%2 + eni2 and

f(%) > F(O)% + %F/(O)n% — e"% remains true for n > N.

It follows that when f(0) = 0 the series must converge. And if the series converge and
f(0) # 0, then use the above inequality we can always derive that the series will
diverge (f(0) < O use the first inequality and f(0) > 0 use the second one). O
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Exercise

9. Proof

Question6: 9, Exer. 9

If the positive series {an}, {bn} satisfy 2L < b’;—“(n > 1), then the convergence of

an

Zj:oi’ b, implies the convergence of Zn"':"‘f an

Just use the comparison test. Since they are all positive, multiply them succesively we
obtain a’;% < ’I’J—‘*'ll, which is just the condition for the comparison test. O
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Exercise

Something | want to mention...

There's something | want to mention further, which are questions students asked after
the class and | think it's important.

= One student asked the homework 2. (17), where | think it's natural to use the
Stirling’'s Formula: n! ~ \/27n (g)” This is an important formula in
mathematical analysis (i), and | hope you can remember it. And it's okay to use
it directly in the exam.

m For more details for this formula, check wiki at
https://en.wikipedia.org/wiki/Stirling%27s_approximation.

m Another student asked me about the convergence of 3", (—1)"27. First you can

r
: in2 sinn
use |sin n| > sin®n to check > M is not absolutely convergent. And use the

Dirichlet’s test to check 3~ % is convergent (Note
1 nt1

n . _ | cos 5 —cos =] < 1 . . sinn

[ > h_qsinkl = Fen 1] ST is bounded). So the series 35 =7 is

conditional convergent.

u As for the series Zn(fl)”s""T”, you can also use the Dirichlet’s test. When n is
even, for instance, let n = 2m,
| S°2m (—1)ksink| < | 357, sin 2k| 4 | 27, sin(2k — 1)|, which is bounded

similarly. So the series Zn(—l)”s"‘T" is also conditional convergent.
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Exercise

Some jokes for fun...

EEER. e (Cedric Villani) MR "HERWEREE" —JURKKR. WX
HSEFERIsT, BESIREFEANFFIBN . th7E 2010 FREMEWIFLIEREHREHN
IEBALR Boltzmand ATEKIFIRSEIEZRAIEURRE—IERZR . XRBEMMBEE
(C—AEERRE (REFEREEN—FTIER)) H—IEE.

BOER B RTHE MR RIES . —HBUEA Pogo Wil—ITEMMELE
A A e SN
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Exercise

Some jokes for fun...

“frar

"ERFFHKE?”

"EAIRRIIR . RIXFILLERN SRR/ !

“EREEE B XKFT!

W, RBRE—E RRET-ESEMHELE, BTG, TEFERMEMTTNE
ETEELNEFHENTR."

“HEEE

"ERTFMHARB?

FR, O BEFHIHEITFT. RFGSESHE FOMTIRER. EEANEMEXE,
BRLTHAME. ME, ERXLES/LANES. HHEAEMN, XEAEEE; Ll
RAGK, ARRH. HEX—RFES, BE5FHYEPNESHAES, URE. 6.
ZheE. hEER.. XERIMHIA—EZTBHRI. WAE—MRRB—HRLBH=E
EititthRE ? RAER, —MERIEE. S&8F . TENREZLAZHES. RBP
AEFTIHIE. BARMK, RAOREELHRTFSLAEMERE.
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